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1.Introduction
Paper plane is a classical toy aircraft with a long history. In 1930, Jack Northrop, the cofounder of Lockheed Corporation used paper planes as test models for larger aircrafts. It is
quite easy to fly a paper plane, the player just need to throw it out by hand.

Figure 1a A classical type of paper plane
While some people can fold and throw a paper plane that flies far, some people are unable to
do so. Our research aims to figure out the the effect of how people fold and throw paper
planes on the flying distance of the paper plane, and hence find the optimum strategy to fold
and throw a paper plane to make it fly the farthest.

Figure 1b A typical paper plane

1.1 Objective
•

Find how to fold a paper plane to fly it the farthest.

•

Find how to throw a paper plane to fly it the farthest.

1.2 Research Questions
•

How to build an ideal model of the paper plane?

•

How to add air resistance into the model ?

•

How to add angle of takeoff into the model ?

2 Methodology
Force analysis is frequently used in our research and is a basic method of relating an object’s
motion to its force acted upon. Using a free body diagram, all forces affecting motion of the
paper plane are considered as a whole. In this process, Newton’s second and third law are
also used to quantify the motion.
The free body diagram of a paper plane is shown below as Figure 2a.

Figure 2a

We consider the motion of the plane in two dimensions, which are the X-axis and Y-axis, it
means that we do not consider the plane flying to the left or right due to aerodynamic matters.
On the X axis, it has a initial velocity pointing at front when the plane leave one’s hand,
hence it faces a drag resulted by air resistance backwards (Figure 2b).
Drag

Figure 2b

On the Y axis, the plane falls due to gravitational pull, hence it faces a drag upwards due to
air resistance, as the plane take up the space of some air, it faces a slight air buoyancy.

Figure 2c Force analysis on the y-axis

Because the position of the barycentre is not at the centre of the plane, the plane may flip
slightly and face a bigger air resistance and reduce its speed. (Figure 2c)
We build three models to represent the gliding process of the paper plane, corresponding to
our three research questions.
In our ideal model which is also the first model of a paper plane, we do not consider air
resistance, air buoyancy, and position of barycenter, the paper plane is only acted upon
gravity. In this model, the paper plane can be seen as a mass point, the model is the start of
our analysis.
Air resistance plays a very significant role in the paper plane's gliding, as we have mentioned
before in the force analysis before, horizontal air resistance will reduce the velocity at front;
vertical resistance will reduce the velocity when the plane climbs when thrown (we consider
this situation in our third research problem), and when the plane is falling down.

Hence we add air resistance into our second model of paper plane. Because the density of
paper is a lot higher than that of air, we do not consider the air buoyancy in our second model
also. Compare to the first model, the paper plane will reduce its horizontal velocity very
slightly because its very small horizontal projection area (we will give more detailed
explanation of this in our second research results), but its vertical velocity will significantly
reduce, (by half, according to our calculation which will be presented later in the second
research results as well), the plane will stay in the air for a significantly longer time, hence
paper plane in the second model will fly significantly farther than that in the first model.
Angle of takeoff is also of significance in the process, normally we throw out the paper plane
diagonally, which brings it to a higher altitude to fall. As stated before in our force analysis,
position if barycenter may cause the whole plane to flip, presenting a significantly larger
projection area in the air, hence slowing down the plane. An angle of takeoff will bring the
paper plane to a linger range, and a inappropriate position of barycenter will reduce the range.
We take these two factors into consideration in out third model of paper plane motion. If the
paper plane has a proper position of barycenter, the paper plane in our third model will fly
significantly farther than that in the second model.
This is the precise way of doing force analysis of a paper plane.
There is a huge difference between the paper plane we fold and the actual ones. The
difference between a paper plane and a actual plane lies in the wings of the actual plane are
designed, so as to make the air which flows over the wings move faster than the air flows
underneath, as shown in Figure 2d.
The design creates a lower pressure on top compared to bottom of the wings. The pressure
difference allows planes to have an lift force to prevent them from falling to the ground.

We do not consider the air buoyancy of our paper planes because the thickness of the paper
plane wing is negligible, hence the difference in speed of air flowing along the upper and
lower sides of the wings is negligible, the pressure difference to lift the plane is negligible.

Figure 2d An actual wing’s design

3. Literature Review
A Taiwanese study group has done researches on this topic before. They conducted Physics
experiments to investigate the effect of paper types, angle of takeoff, angle of wings and
position of barycentre on the flying distance of a paper plane.

Figure 3a Launching device used by the research group
According to their results, as shown in Figure 3b, flying distance decreases when angle of
takeoff increases from 0 degree to 30 degrees, when two clips are added at the front, the
plane flies the farthest.

Figure 3b Part of results of the research group’s work

However, the research is based on experiments and hence lacks precision which is especially
belong to mathemetics.

Also we find a family experiment on the website http://blog.sina.com.cn/jiaxin2016 that
research on the effect of paper density on the flying distance of the plane. The results showed
that 70 grams per square meter of paper is the optimum density, which is also the density of
normal printing paper.

Figure 3c the color of paper representing different density
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Figure 3d results of the family experiment
We will use mathematical ways to find out the optimum solution to fold and throw a paper
plane.

4. Known conditions
In this research, we fold a paper plane using an A4 paper. An A4 paper is 210mm wide and
297mm long, and it has a density of 70gram/ square meter. Known facts of an A4 paper are
listed below.

Figure 4

5.Results
5.1 The first research question: How to build an ideal model of the paper plane?
In this model we consider gravity of the plane, which is 0.0427N as stated in chapter 4.We
consider gravity of the plane as the only force acting on the paper plane, as shown in Figure
5a and calculate time taken for the paper plane to fall on the ground.

Gravitational Pull

Figure 5a The free body diagram of the paper plane in the first model
Vertically, according to the basic equation, the falling distance h, equals to initial velocity, v0,
times time, t; plus acceleration, a, multiplied by the square of time divided by 2.

we derive

Using height h and acceleration a to describe t, we get

Because acceleration here equals to the acceleration due to gravity, we finally get the
expression between time taken for the plane to fall on the ground and height as well as
velocity when it leaves one's hand.

If it the constant initial speed is 2 meter per second, the paper plane will travel approximately
1.3 meters. The result may contradict with the common knowledge, this is because we
normally throw a paper plane out diagonally so that the paper plane falls from a greater
height.

5.2 The second question: How to add the effect of air into the model?
We add air buoyancy and air resistance into consideration. In this case, the position of center
of gravity is ignored (Figure 5b).

Figure 5b Free body diagram

Air buoyancy is equal to the space taken up by the paper plane in the air, V multiplied by air
density, ρ and gravitational acceleration, g. It is around 0.00007N, comparing to the
gravitational pull of 0.0427N, air buoyancy is negligible.

The air resistance equals to drag efficiency C, multiplied by air density ρ, the vertical
projection area of the paper plane, and the square of vertical speed, divided by 2.

The first letter c, is a constant, drag coefficient.

Different shapes has different drag efficiency, as shown in Figure 5c, we found that the shape
of vertical projection between angled cube and a cube, we suppose it to be 1.000.

Figure 5c Drag coefficients of different shapes

The second constant is density of air, ρ, which is 1.205 kilogram per cube meter at room
temperature.

There are two variables in the equation. One is S, which means vertical area of projection.
Different ways of folding decide different values of S. It changes between 0 and 0.0624
square meters, which is the area of one A4 paper.

The other variable is V, vertical speed. It is defined as v equals to u, which is the vertical
initial velocity which is actually 0, plus a*t. Here comes another variable, a

A is the vertical acceleration. According to Newton 2nd law, a equals to the resultant force on
that direction over the mass of the object - It equals to weight of the paper plane minus the
vertical drag minus buoyancy over mass of paper plane.

We can see that the variable drag, is again led into the equation

Because the whole process of motion is related to complicated calculus, we have created a
computer programme to simulate calculus and scan 1000 times per second to get the paper
plane’s acceleration, speed and height at every moment. The source code and definitions of
variables are listed in Annex 1. The results are listed in Figure 5d. In the table s represents the
vertical projection area of the paper plane, and t represents the range.

Figure 5d

A graph of time in the air t, against vertical projection area, s, is plotted, as shown in Figure
5e. From the graph, t increases while S increases

Figure 5e

To further figure out the relationship between time in the air and area of vertical projection,
we substitute all the variables and constants into the equation we have.

We input the equation into desmos (t=y,s=x), as shown in Figure 5f

Figure 5f Part of the graph obtained in the first quadrant.

This trend is more close to the real situation in our lives. From the equation and the graph we
can finally get that time paper plane in the air is only related with its area of vertical
projection. Time in the air increases when area of vertical projection increases, the plane flies
farther.

5.3 The third question: How to add angle of takeoff into the model.
The paper plane leaves the hand diagonally, hence has a higher distance to fall on the ground,
it will fly even farther.

In our third research question, when a paper plane leaves one’s hand diagonally, because it
has an oblique initial velocity, it is faced with air resistance downwards due to its velocity
upwards and air resistance backwards. The process of force analysis is shown in Figure 5g.

Initial Velocity
Drag(backwards)

Drag(downwards)
Gravitational Pull

Figure 5g
In this research question, we assume that we are using a paper plane with a constant total area
of wing

We have built a function to simulate its movement. The procedure is listed below.

We input this equation to desmos (t=y, θ=x) and got the graph (Figure 5h)

Figure 5h

We extract the useful part of the graph (in the first quadrant) (Figure 5i)

Figure 5i Part of graph in the first quadrant

5.4 Further Research

Figure 5j Breathing on the nose of the paper plane before flying it

Vertically, an air resistance force pointing upwards and gravitational pull pointing
downwards are acting on the paper plane, as shown above in Figure 5b. The buoyancy is
small and neglectable. However, if the gravitational pull and the air resistance are not acting
on the same point, they will make an unbalanced moment of force that will make the plane to
spin.

When we look above the wings, they form a triangle. Because the air resistance acts on all
parts of the wings, we can assume that it is acting on the geometric center of the triangle, as
shown in Figure 5k.

Geometric
center

Figure 5k The air resistance acts on the geometric center of the paper plane.

However, does the center of gravity also falls on the geometric center of the triangle? That’s
not the case. If we see the paper plane horizontally, its shape is as shown in Figure 5l below.

Figure 5l

This shape moves the center of gravity backwards, and causes an unbalanced moment of
force that can make the paper plane spin backwards, as shown in Figure 5m. In this case, the
best take-off angle cannot be kept.
Air Resistance

Gravitational Pull

Figure 5m The unbalanced moment of force cause the plane to spin.

Figure 5n If the plane is too heavy at the back, air resistance will be in front of the
gravitational pull, the plane will drop suddenly.

Figure 5o If the plane is too heavy at the front, the plane will go through a sudden climb,
losing its speed, and undergoes a sudden drop.

The only way to solve this problem is to increase the weight of the front part of the plane, so
that the center of gravity can be move forward, which is also shown in the results of the
Taiwanese group that adding two pins at the front of the paper plane will increase its range,
bring the position of barycenter of the paper plane closer to the geometric center of the
triangular wing, which is the center of lift, hence the moment of force can be more balanced,
the paper plane will not increase its angle of attack to deal more air resistance as has stated
before in chapter 2 force analysis.

Classical ways of folding paper planes are studied and compared in our process. It turns out
that the simplest way of folding a paper plane, as the graph 5p(1b) has shown below, is
heavier at the back, the optimum while relatively simple method of folding is shown below in
graph 5q.

Graph 5p The simplest way of folding

Graph 5q the improved way of folding

The modified paper plane balances lift center and gravity center because it is folded back in
the fourth step, the paper plane ends up shorter and has an extended range.

Figure 5r There is also more complex folding way to offer better balance and longer range

Figure 5s There is also folding way with a tail, using the complicated aerodynamics
knowledge, the folding way is too complex to be recommended.

6.Conclusion
In a nutshell, how far a paper plane flies depends on its area of wings, its angle of take-off
and its position of center of gravity.

For the area of wings, it should be as large as possible.

For the angle of take-off, it should be around 14.5°so that the plane will fly the farthest.

For the center of gravity, it should be at the position of the geometrical center, so that the
plane can keep in its stable angle of flying. To ensure this, methods such as breathing on the
nose of the plane should be taken to make the front part of the paper plane heavier.

However, in real life, the flying distance of the paper plane involves many other factors. For
example, besides the motion in x and y axis, the paper plane itself will turn left or right, or
even do aileron rolls, because of its slight asymmetry when folding, or other effects done by
air, like wind and vortex. To avoid these from happening, some other structures of paper
planes are made.

Y-shaped wings are added to enhance the stability of flying, as shown in Figure 6a, so that
the plane will not do aileron rolls.

Figure 6a A paper plane with Y-shaped wings
Sometimes, both tips of the wings are folded so that the paper plane will turn left or right less,
as shown in Figure 6b. It also imitates the structure of “wingtip device” of an actual airplane,
as shown in Figure 6c, which can reduce wingtip vortex, an effect that increases air resistance.

Figure 6b A paper plane with folded wingtips

Figure 6c A wingtip device of a Cathay Pacific Airways Airbus A350 airplane
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Annex I

Definitions:
dair: air density
w: weight
m: mass
g: acceleration due to gravity
s: area of wings
v: vertical velocity
h: current height
t: current time
f air: drag
fr: vertical resultant force
a: current vertical acceleration

